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We apply genetic algorithms to find solutions of the maximum entropy formalism. As an applica-

tion we consider a chaotic map.
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The maximum entropy principle [1—3] is a power-
ful tool in the investigations of image reconstruction,
spectral analysis, seismic inversion, inverse scattering
etc. It is proven to be the only consistent method for
inferring from incomplete information. Here we show
that the maximum entropy principle can be cast into a
unconstrained optimization problem and therefore ge-
netic algorithms [4, 5] can be applied to solve it. Then
we give an application to a chaotic system.

The missing information function (entropy) of a
probability density p is defined as

S— —/Q P(X) I p(x) dx.

I'n the maximum entropy formalism one maximizesthe
missing information subject to the constraints of the
available information and to the normalization of the
probability density. In our case we assumethat we have
the n lowest moments of the time evolution of the dy-
namical variableswhich, for ergodic systems, are equal
to the moments of the temporal probability density.
The constraints are introduced via the method of La-
grangemultipliers Ag, A1, . .., Am. Our amisto find the
approximate probability density papp Which minimizes

sz—/ 1N Do A+ A (1—/ d)
, Paep! 1 Papp X+ Ao |, P X
m . .
+ > A <<XJ>—/ X! pappdx),
i=1 @

whereA; (j =0,1,...,m) arethe Lagrange multipliers
for the m+ 1 constraints. Performing the minimization

we obtain
Papp(X) =

m . 1 m .
exp| —1- Y Ax | =Zexp - Y Aix |,
p Z,O i 7 &P Zl i

where Z := el*% s determined by the normalization
of the probability density so that

1 i i
1:2/Qexp —Zlij dx.

The remaining Lagrange multipliers are obtained by
solving the following set of m coupled nonlinear equa-
tionsfor4; (j=1,2,...,m):

1 . m
(Xl = —/ x exp (— /lkxk> dx,
ZJa Z‘l
j=12,....m

For the numerical study we proceed as follows. With-
out any loss of generality we restrict ourselvesto x €
[—1,1]. We start using the quadrature formula

S:—/_llp(x)lnp(x)dxm—J

n

w;p;jInp;j, (1)
=1
where p; = p(Xj). wj and x; are the weights and ab-
scisses of any accurate quadrature formula, for ex-
ample Gauss-Legrendre or Gauss-Chebyshev [6]. We
maximize S subject to the discretized moment con-
straints

n . n i
D wWixipj = Y Xipj=pi, i=01....m (2
= =1
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where u;j are the given moments and m+-1 is the num-
ber of moments. We define p; := wjp;. Thus we opti-
mize the Lagrangian function

The solution can be written as
m k~ .
Pi=wjexp| Y xXA4—1], j=12...n (4
k=0

Sincetheweightsw; (j =1,2,...,n) arepositive, itim-
pliesthat p; > 0 (j = 1,2,...,n). From (4) it follows
that

i=01,....m

Thuswe haveremoved the constraint (2). Themost dif-
ficult problem in applying genetic algorithmsisthein-
clusion of constraints. To take into account contraints
the penalty method [4] is used. In a penalty method,
a constrained problem in optimization is transformed
to an unconstrained problem by associating a cost or
penalty with all constraint violations. This cost is in-
cluded in the objective function evaluation. This tech-
niqueisvery clumsy and not very efficient in actual nu-
merical calculation. Thus the removal of the contraint
is of benefit for the application of genetic algorithms.
Given the moments i;, the weights w; and alscisses X,
the function d(4) can be used as fitness function for
the genetic algorithm to find the A;’s. The applicabil-
ity of the maximum entropy to chaotic maps has been
described by Steeb and Stoop [3] and Steeb [4].
Genetic algorithms are a family of computational
modelsinspired by evolution[4, 5]. The agorithmsen-
code a potential solution of a specific problem on a
simple chromosome-like data structure (in our case a
bitstring) and apply recombination operators (crossing,
mutation) to these structures so as to preserve critical
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information. In most cases genetic algorithms are used
to find the optimum of functions (these functions are
called fitness functions). Hardy et al. [7] showed that
one can directly manipulate the bits in floating point
numbers. The use of floating point numbers (for ex-
ample double in C and C++) instead of a standard
bit string (for example from the Standard Template Li-
brary) will speed up the actual computation since we
directly operate on the bit string of the floating point
number which is the argument of the function we min-
imize[7]. Thistechniquewill be used in the following.

The Gauss-L egendre integration formula can be ex-
pressed as

/1 Fodc 3w (x),
-1 i

where the arguments x; are the zeros of the Legendre
polynomials Py (x) and the coefficients (weights) w; are
given by

2(1—x2)
W= 1
N (Pr-1(X)))?
The Gauss-Chebyshev quadratures

171 f(x)d ) f
X) OX =~ Wi T (X
./4 1 XZ() kg,lk(k)

are moresuitablefor our problem. Herethe xy areroots
of the Chebyshev polynomials of order n and wy are
weights. The roots of the Chebyshev polynomials of
order n are

xk:cos<%>, k=212,...,n

andtheweightsaregivenby wy =n/n(k=1,2,...,n).
It follows that

1 f(x T
/_1 e Y ().

k=1

As an example we consider the map f : [-1,1] —
[-1,1], f(X) = 1—2%% or %1 = f(x) with t =
0,1,2,... This map shows chaotic behaviour and is er-
godic. The Liapunov exponent is given by In(2). The
invariant density is given by

1
P = Ve
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1
/ PO dx = 1.
-1

The moments are

) = [ 1ly”p(y) dy.

For n=0wehave (x{) = 1, for n= 1 we have (x;) =0
and for n = 2 we have (x?) = 1/2. Applying genetic
algorithm (using mutation and crossing) to the fitness
function (6), where A9, A1 and A, are considered as bit-
strings of floating point type double in C++ [7], we
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df
o dx

1
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